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Exercise 1 (Dido’s problem) (5 points)

His commota fugam Dido sociosque parabat:
conveniunt, quibus aut odium crudele tyranni
aut metus acer erat; navis, quae forte paratae,
corripiunt, onerantque auro: portantur avari
Pygmalionis opes pelago; dux femina facti.
Devenere locos, ubi nunc ingentia cernis
moenia surgentemque novae Karthaginis arcem,
mercatique solum, facti de nomine Byrsam,
taurino quantum possent circumdare tergo.

The queen provides companions of her flight:
They meet, and all combine to leave the state,
Who hate the tyrant, or who fear his hate.
They seize a fleet, which ready rigg’d they find;
Nor is Pygmalion’s treasure left behind.
The vessels, heavy laden, put to sea
With prosp’rous winds; a woman leads the way.
I know not, if by stress of weather driv’n,
Or was their fatal course dispos’d by Heav’n;
At last they landed, where from far your eyes
May view the turrets of new Carthage rise;
There bought a space of ground, which (Byrsa call’d,
From the bull’s hide) they first inclos’d, and wall’d.

(Aeneid, 1.360 - 368, Publius Vergilius Maro)

According to legend, when the ancient queen Dido first arrived at the coast of northern
Africa, she offered the local leaders her gold in exchange for a piece of land that could
be enclosed with an oxhide. Dido cut the oxhide into long slim strips tied together and
laid it out from coastline to coastline, encircling the land in between. On this land she
founded to city of Carthage.
Assume you are Dido, and that the coast forms a cape of the form {(x, y) | y ≤ −c|x|}
for some constant c > 0. You have a string of length l; what is the maximum amount of
land you can enclose?
Justify your answer.

Exercise 2 (2 + 3 points)
Let α : [0, L]→ R2 be an arc length parameterized curve. An involute (German: Envol-
vente) of α can be defined as a curve η : [0, L] → R2 intersecting the tangent of α(s)
orthogonally in η(s) (for every s ∈ [0, L]). (Note that a curve does not have a unique
involute.)

(a) Find a formula for an involute and sketch it.

(b) Show that the evolute of an involute η is the original curve α again.

1



Exercise 3 (5 points)
Conider a regular n-gon Pn with side length 1.

(a) Compute its minimum and maximum width.

(b) Compute its average width using the Cauchy–Crofton formula.

Exercise 4 (3 + 2 points)
Consider a strictly convex, simple closed plane curve α. For each ϕ ∈ R there is a unique
point α(ϕ) at which the unit tangent vector is T = (cosϕ, sinϕ): this defines a regular,
2π-periodic parametrization of α. The support function h gives the (signed) distance
h(ϕ) from the origin to the tangent line at α(ϕ) (Note that this is not the distance to
the point α(ϕ). Note that h is everywhere positive if and only if the origin lies inside the
curve.)

(a) In terms of the support function h(ϕ), find an explicit expression for the parame-
trization α(ϕ). (Hint: the value h(ϕ) directly determines the tangent line through
α(ϕ); the expression for the point itself depends also on h′(ϕ).)

(b) What is the curvature of α (again as a function of ϕ in terms of h and its deriva-
tives)?

Point total: 20
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